We will show that if a semigroup of rational functions on the Riemann sphere is finitely generated, then the hyperbolicity and the expandingness are equivalent. Also we consider finitely generated rational semigroups satisfying the strong open set condition. We show that if a semigroup satisfies the strong open set condition, we can construct â -conformal measure on the Julia set. Also the Julia set has no interior points, and furthurmore, if the semigroup is hyperbolic, the Hausdorff dimension of the Julia set is strictly lower than 2. The value δ of the dimension coincides with the unique value that allows us to construct a <5-conformal measure and the <5-Hausdorff measure of the Julia set is a finite value strictly bigger than zero.
Introduction
For a Riemann surface S, let End(5') denote the set of all holomorphic endomorphisms of S. It is a semigroup with the semigroup operation being composition of functions. A rational semigroup is a subsemigroup of End(C) without any constant elements. Similarly, an entire semigroup is a subsemigroup of End(C) without any constant elements. A rational semigroup G is called a polynomial semigroup if each g e G is a polynomial. When a rational or entire semigroup G is generated by {/i,^,...,Λ,...}, we denote this situation by A rational or entire semigroup generated by a single function g is denoted by <#>. We denote the «-th iterate of / by f n . The studies of dynamics of rational semigroups were introduced by W. Zhou and F. Ren [ZR] , Z. Gong and F. Ren [GR] and Hinkkanen and Martin [HM1] . Some properties of dynamics of rational semigroups were studied in [HM1] , [HM2] , [SI] and [S2] . In [S3] , dynamics of hyperbolic rational semigroups are investigated and it is shown that all the limit functions of finitely generated rational semigroups on the Fatou sets are constant functions that take their values in the post critical sets. Also with respect to pertubations of generators of any finitely generated hyperbolic rational semigroup, the hyperbolicity is kept and the Julia set moves continuously.
In this paper, we will show that if a finitely generated rational semigroup contains an element of degree at least two and each Mobius transformation in it is neither the identity nor an elliptic element, then the hyperbolicity and expandingness are equivalent. If the sets of backward images of the Julia set by generators are almost disjoint, then the Julia set has no interior points. We construct a generalized <5-conformal measure on the Julia set of any rational semigroup which satisfies the strong open set condition. We show that if the semigroup is hyperbolic, then the Hausdorff dimension of the Julia set coincides with the unique value δ that allows us to construct a <?-conformal measure and it is strictly less than 2. Also the <5-Hausdorff measure of the Julia set is a finite value strictly bigger than zero. Considering the convergent series of the norm of the derivative at the backward images, with the method similar to that of the construction of the Patterson-Sullivan measures on the limit sets of Kleinian groups we get a <5-subconformal measure in more general case and we will show that if a finitely generated rational semigroup is expanding, then the Hausdorff dimension of the Julia set is less than the exponent δ.
Generalized Brolin-Lyubich's invariant measures on the Julia set of any rational semigroup which is hyperbolic or satisfying the strong open set condition are constructed in [S4] and a lower estimate of the Hausdorff dimension of the rational semigroups is given.
The author will discuss about the existence and uniqueness of the conformal measures and self-similar measures of rational semigroups in more general cases ([S5] ). In that paper we use the thermodynamic formalism and give an upper bound of the Hausdorff dimension of the Julia sets of finitely generated hyperbolic rational semigroups.
In [S8] , we will investigate the dynamics of sub-hyperbolic and semi-hyperbolic rational semigroups. We will show some non-wandering domain theorems.
The summary of [S5] and [S8] is in [S7] .
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is normal in a ne
F(G)
= {z e CIG is normal in a neighborhood of z},
F(G) is called the Fatou set for G and J(G) is called the Julia set for G.
Similarly, the Fatou set and the Julia set for any entire semigroup are defined. DEFINITION 1.2. Let G be a rational semigroup and z be a point of C. The backward orbit 0~{z) of z and the set of exceptional points E(G) are defined by: j_ί _ O~(z) = {w € CI there is some g s G such that g(w) = z}, DEFINITION 1.3. A subsemigroup H of a semigroup G is said to be of finite index if there is a finite collection of elements {01,02,. ,0Λ} of G such that G = U" =1 QiH. Similarly we say that a subsemigroup H of G has cofinite index if there is a finite collection of elements {01, 02, , 9n} of G such that for every g e G there is j e {1,2,...,«} such that gjg e H. The Julia set of a rational semigroup may have non-empty interior points in general. For example, the Julia set of <z 2 ,2z> is the closure of the unit disc. In [HM2] , it was shown that if G is a finitely generated rational semigroup, then each super attracting fixed point of any element of g e G does not belong to the boundary of the Julia set. So we can construct many examples such that the Julia set has non-empty interior points. Here we show a sufficient condition that the Julia set has no interior points. (i/(G) ) and this is a contradiction because V is a connected component of ( U nf~ι (int J(G) ). Therefore dV n U does not contain any continuum and V is dense in U.
It follows that /,(£/) is included in a component U\ of int(/(G)). In this way, we can take a sequence (ik)k such that for each k the number i k is in {l,...,n} and where £4 is a component of int(/((j)). Now let (gj) be a sequence of elements of G. If the sequence contains infinite elements of (fi k o of iχ ), then (#/) is a normal family on U. Unless (#,) contains any element of the form ^o o/ , then for each / the set gι(U) is included in F(G) because of the assumption of our theorem and so (gj) is a normal family on U. It follows that U is included in F(G) and this is a contradiction.
•
contains a continuum, then the Julia set may have non-empty inteπor points. For example, let p\ =± 0, P2 = 1, P3 = 1 + i and /?4 = i. For each j = 1,... ,4, we set fj(z) = 2(z -pj) + /? 7 . Then /«/i,.. ,./4» is equal to the closed rectangle p\P2P3P4-DEFINITION 2.4. Let G be a polynomial semigroup. We denote by K(G) the closure of the set K\(G) consisting of the points, for each z of which, there is a sequence (g m ) m consisting of mutually distinct elements of G such that the
s a finitely generated polynomial semigroup, then THEOREM 2.5. Let G= </i,./2> >Λ> 6e a finitely generated polynomial semigroup. Assume that the set \j (ij 
Proof. Let z be a point of d(K(G)) and let U be an open neighborhood of z. For each x e K\(G) n U there is a sequence (g m ) m of elements of G such that (gm(x))m is bounded. But for each y e £/γK(G) the sequence (g m (y)) m tends to infinity so G is not normal in U and z e J(G).
So d(A:(G)) <= J(G). Next let £/ be a component of int(^(G)). From the fact K(G) = {J" =ι f~ι (K(G)
) and our assumption we can show that G is normal in U in the same way as the proof of Theorem 2.3.
• Now we consider the expandingness of hyperbolic rational semigroups, which gives us an information about the analytic property of them.
Λ> be a finitely generated hyperbolic rational semigroup. Assume that G contains an element with the degree at least two and each Mδbius transformation in G is neither the identity nor an elliptic element. Let K be a compact subset of C\P(G). Then there are a positive number c, a number λ > 1 and a Riemannίan metric p on an open subset V of C\P(G) which contains KKJJ(G) and is backward invariant under G such that for
•.,«}*} > cλ , here we denote by \\-\\ p the norm of the derivative measured from the metric p to it.
Proof We will show the statement in the way similar to that of the proof of Theorem 3.13 in [M] . We denote by B the union of all components of F(G) each of which has a non-empty intersection with P(G). Let B\,...,B S be all the components of B. For each ; = l,...,ί we take the hyperbolic metric in Bj. Let Lj be the ε-neighborhood of P(G) n Bj in Bj with respect to the distance in Bj induced by the hyperbolic metric, where ε is^ a positive number which is sufficiently small. We set L = [J s =ι Lj and V = C\L. Then V contains K u J(G) and for each element g of G the inverse image g~ι(V) is included in V.
We see that for large positive integer m, every element of G which is a product of m generators of G is a contraction map from B to B and the contraction rate is bounded by a constant strictly less than one in each fixed compact subset of B. For, assume that g e G is of the form f is o o f iχ . For each j there are positive integers w, v with u < v which are smaller than s such that f iv o o f h (Bj) =f iu o "θf h (Bj). Hence f iv o o^+ 1 maps the component U of F(G) which contains fi u°-'°fu(Bj) into it. This map is a contraction with respect to the hyperbolic metric on U and the contraction rate is bounded by a constant strictly less than one in each fixed compact subset of £/, because of the assumpsion of our theorem. Thus g is a contraction map from Bj to the component of F(G) which contains g(Bj) and the above claim holds.
So there is a positive integer mo such that for each number m>mo the closure of g^ι(V) is included in V for any element g m of G in the form fi m° "' °fh-Now let m be any positive integer with m>mo and g m any element of G in the form fao -ofa. We set U = g~ι(V). We take the hyperbolic metric in each component of V and denote it by p. Also we take the hyperbolic metric in each component of U and denote it by τ.
We will show that the inclusion map i: U -> V satisfies that ||i #/ (z)|| < 1 for each zeU where we denote by || || the norm of the derivative measured from the Riemannian metric τ on U to the Riemannian metric p on V. Assume that there is a point zo e U such that ||/'(zo)|| = 1. Let W\ be the connected component of The map g m is a covering map from U to V and is a local isometry between the Riemannian metric τ on U and p on V. Hence | | #w(z)| | /> > 1 for each ze U, where we denote by || || p the norm of the derivative measured from the Riemannian metric p on V to it.
It is eacy to see that there exists a compact subset C of V which contains K and is backward invariant under G, hence the statement of our theorem holds.
• COROLLARY 2.7.
Under the same assumpsion of Theorem 2.6,_if W is a simply connected domain which is a relatively compact subdomain of C\P(G) and si is a family of maps on W such that each element h of stf is a well defined branch of g~ι where g is an element of G, then each limit function of si on W is a constant function such that the constant value is in J(G).
Proof By Theorem 2.6, each limit function of si on W is constant. And by [S3] , for each point z of F(G), the G-orbit of z can accumulate only to
P(G). Since W c C\P(G), the constant values belong to J(G).
• Now we will show the converse of Theorem 2.6. Proof. We can assume that 00 belongs to F(G). From Theorem 2.6, Lemma 1.5.1 and the remark stated after Theorem 2.8, we can also assume that there is a number λ > 1 such that for each k inf{\fί(z)\\zef k -\j(G))}>λ.
From Theorem 2.3, J(G) has no interior points. We fix a small positive number ε. Then there is a number 1 > δ > 0 such that for each ζ e J(G) m(D(ζ,ε)nF(G)) m(D(ζ,ε)) -°'
where we denote by D(ζ,ε) the ε disc about ζ. We fix any point zo in J{G). (zo),ε) 
From Lemma 1.4.2, for each integer j there is a unique element gj e G of word length j such that gj(zo) belongs to J(G). We denote by Dj the component of gj~x(D(gj

Now |^j(^o)| -^oo as j tends to infinity and so ZQ is not the Lebesgue point of J{G). So each point z e J(G) is not the Lebesgue point of J(G) and m{J(G)) is equal to zero. •
d-conformal measure
We construct (5-conformal measures on Julia sets of rational semigroups. 5-conformal measures on Julia sets of rational functions were introduced in [Sul] . See also [MTU] . DEFINITION 3.1. Let G = </i,/2, .. ,/«> be a finitely generated rational semigroup satisfying the strong open set condition and let δ be a non-negative number. We say that a probability measure μ on C is 5-conformal if for each j = l,...,n and for each measurable set A included in f~ι(J(G)) where fj is injective on A, where || || denotes the norm of the derivative with respect to the spherical metric. And we set δ(G) = inf{δ I there is a ί-confoπnal measure on J(G)}. THEOREM 3.2. Let G = </i,/2,... ,Λ> be a finitely generated rational semigroup satisfying the strong open set condition. We assume that when n is equal to one the degree of f\ is at least two. Then there are a number 0 < δ < 2 and a probability measure μ whose support is equal to J(G) such that μ is δ-conformal. Also δ(G) > 0.
We will show the statement in the same way as [Sul] or [MTU] . We need the following lemma. where || || is the norm of the derivative measured from the hyperbolic metric on V ι to that on some V u which contains f}(VΊ). We denote by */#(-, •) the distance on V\ induced by the hyperbolic metric. Then for each he H and for each
is less than supply = l,...,/ι, i = l,...,w, a β Φ 1} < 1.
Since h(O c ) c O c for each heH, if we take U small enough in_^n V\ nO, then for each y e F(G), G(y) does not accumulate at any point of U and so (3) holds.
Proof of Theorem 3.2. Let
O be the open set in Definition 2.2. Let U be the open set in Lemma 3.3. We can assume that U is a simply connected domain in O\(P(G) u J{G)). Now we have ί where S is taken over all holomorphic inverse branches of all elements of G defined on U, || || denotes the norm of the derivative with respect to the spherical metric and m is the Lebesgue measure. For, assume that there are sequences {mk)k and {h)k of integers with nik -> oo such that for each k there is an element G of word length nik + 4 and g lk e G of word length 4 so that Then because of the strong open set condition for each k there is an element h mk e G of word length nik such that But this is a contradiction by (3) and so (4) holds. Now for each x e U we set /(*) = U U ίΓ' m geG: word length m and for yeg~ι (x) . By (4) for almost everywhere xeU
We fix a point xeί/ such that (5) holds. And we set
For each j there is a positive number C y such that ||.//(z)|| < C 7 in a neighborhood of fr ι (J(G)) and the set U 9-\x) geG: word length m has (ΣJU deg(j5)) m points so 5 > 0. Now we consider the case Σ y ei( x ) d(yf = oo. For each number s > δ we denote by μ s the probability measure on C such that for each y e /(JC) Let μ be a weak limit of μ 5 when s\δ.
Then the support of μ is included in /(G) because Σj, e / (jc) rf( y)* = oo. Let f be a point of f-ι (J(G)). Also let F be a neighborhood of f in fj~ι(O) and assume that fj is injective on F. Then fj is a bijection from I(x) n F to /(*) nfj(V).
We set A = ||^'(OII Let ε > 0 be a small number. We take F smaller such that for each z eV
Let s\δ and we get
If fj(ζ) = 0, we can show that μ(fj(ζ)) = 0. It follows that μ is a ί-conformal measure on /(G).
Next we consider the case Σ y ei( x ) d{yf < oo. We take Patterson's function h i.e. A is a continuous and non-decreasing function from R + to R + and satisfies that 1.
Σyei(x)h(d(y)~l)d(yy converges for each s>δ and does not converge for each s <o.
2. for each ε there is a number ro such that h{rt) < fh(r) for each r > ro and For more detail about Patterson's function, see [P] . We set where we denote by δ y the dirac measure which is concentrated on {y}. Letting s\δ we get a ί-conformal measure on J(G) in the same way as the case
We will show that support of// is equal to J{G). By the construction, the support of μ is included in J(G). Now assume that there are a point ζeJ(G) and a positive number a such that μ(D(ζ,a)) = 0. By Lemma 1.5, there exists an element g e G such that g (D(ζ, a) ) 3 J(G). Since μ is a conformal measure, it follows that μ(J(G)) = 0 and this is a contradiction. Therefore the support of// is equal to J(G).
We now consider δ{G). There is a <J(G) conformal measure μ on /((?)• Assume that δ(G) is equal to zero. If there exists a point xef(J{G)) such that μ({x}) > 0, then //({^/(^c)}) = μ({x}). Since backward orbit of any point of J(G) has infinitely many points and μ is a probability measure, it is a contradiction. Hence μ is non-atomic. For each measurable set A included in J(G) we set Then τ is a probability measure on J{G). But if A is a measurable set in J(G) such that for each j all branches of f~ι are well defined on A then and this is a contradiction, since /(G) is a disjoint union of some finitely many points and some sets on each of which for each j all branches of f~ι are well defined., • By Theorem 2.10, Theorem 3.2 and Theorem 3.4, we get the next result. COROLLARY 3.5. Let G = (f\,fi,... ,f n ) be a finitely generated hyperbolic rational semigroup satisfying the strong open set condition. We assume that when n is equal to one the degree of f\ is at least two. Then 0 < dim H (J(G)) < 2.
And if we set α = dim(/(G)), then 0 < H^JiG)) < oo. COROLLARY 3.6. Let G = </i,/2,.,Λ> be a finitely generated hyperbolic rational semigroup. We assume that when n is equal to one the degree of f\ is at least two and the sets {fj~ι(J(G))}j=\^n are mutually disjoint. Then 0 < άim H (J{G)) < 2.
And if we set α = dim(/(G)), then
< H a (J(G)) < oo.
Proof of Corollary 3.6. By Lemma 1.5.1 and Theorem 2.6, we can assume that where we denote by || || the norm of the derivative with respect to the spherical metric. Then it is easy to see that G satisfies the strong open set condition. Now the statement follows from Corollary 3.5.
• Proof of Theorem 3.4. To prove our theorem it is sufficient to show that if for a number δ satisfying 0 < δ < 2 there is a (J-conformal measure μ on /(G), then 0 < H δ (J(G)) < oo. We set λ = M inf By Lemma 1.5.1 and Theorem 2.6 we can assume that λ > 1 by replacing G by a subsemigroup I m of G. As G is hyperbolic, there is a number r > 0 such that for each ζ e J{G) and for each g e G we can take well defined branches of g~ι on D(ζ,r) where D{ζ,r) is the r disc about ζ. Also we can assume that for each j and for each ζeJ(G) the map fj is injective on D(ζ,r). We set y ζ = {SI a branch of g~ι on D(ζ, r),geG}.
By the Koebe theorem, there is a positive number Co such that for each ζeJ(G) and for each Se£fζ
We fix a point z 0 eJ(G). We can take c\ independent of zoβJ(G). We set There is a number n such that C2 V Λ < r 1 < c 2 r n , for all r' with r' < n. Then for each r' such that r' < r\ So if we set c = c\c\, for any small r' c-\r') δ <μ{D{z,,r'))<c{r') δ .
Now the statement of our theorem follows immediately.
In [DU] , M. Denker and M. Urbaάski gave a conjecture that for any rational map /, ά\m H (/(</») =£(</». Similary we give the following conjecture.
CONJECTURE 3.7. Let G= </i,/2,. ,Λ> be a finitely generated rational semigroup satisfying the strong open set condition. We assume that when n is equal to one the degree of f\ is at least two. Then dim H (J(G))=δ(G). If there is not s such that S(s, x) < oo, then we set S(x) = oo. Also we set
By using the same method of the proof of Theorem 3.2, we can show the following result. Proof. Assume that there are a point ζ e J(G) and a positive number a such that τ{D{ζ,a)) = 0. By Lemma 1.5, for eachneighborhood U of E(G) there exists an element he G such that h (D(ζ,a) ) => C\t/. Since τ is a subconformal measure, it follows that τ(C\E(G)) = 0. From the assumption of our theorem, we have τ(E(G)) = 0 and so τ(C) = 0 but this is a contradiction.
• THEOREM 4.4. Let G ί = </i,/2, ,Λ> be a finitely generated rational semigroup. Assume that G is expanding. Then so(G) < oo and
dϊm H (J(G))<s(G)<s 0 (G).
Proof Because G is expanding, it is easy to see that so(G) < oo. We will show the statement in the same way as the proof of Theorem 3.4. Since we have only to consider the case that Jt/((?) > 3, we assume that. We set δ = s(G). Let μ be a ί-subconformal measure.
First we will show that the support of// contains J(G). To show that, from Proposition 4.3, we have only to show that for each xeE(G) there exists an element g e G such that g(x) = x and \g'{x)\ < 1. If there exists an element of G with the degree at least two, then it is easy to show that. Now consider the case such that each element of G is of degree one. Since G is expanding, the order of each element of G is infinite. From Lemma 1.5, §E(G) ^ 2. Let x be any point of E(G). Let 0i,...,0 M 2 be all elements of G each of which is in the form fi x°f i 2 .
Then for each y = l,...,« 2 , gj(x) -x. Assume that for each j = 1,... ,/i 2 , \g'j{x)\ > 1. Since G is expanding, for each y = 1,... ,n 2 , \g'j{x)\ > 1. With this fact, from Lemma 1.5.5, x is an isolated point of J{G). On the other hand, from Lemma 1.5.2, J(G) is a perfect set and this is a contradiction. So there is a number j such that \g'j(x)\ < 1. Hence the support of// contains J{G).
Next let z$ e J(G) be any point. Because of the backward self-similarity of J(G), we have for each positive integer m, there is an element g m e G which is a product of m generators such that g m (zo) eJ (G) • THEOREM 4.5. Let G = </i,/2,.. ,Λ> be a finitely generated rational semigroup which is expanding. Let λ be the number in the assumption of Theorem 2.8. Then (6) dim H (J(G)) <
